In the present paper, the positive definite solutions for the nonlinear matrix equation 
Introduction
In this paper, we consider the nonlinear matrix equation:
where I is the identity matrix, A, B are m × m nonsingular matrices, s, t ∈ (0, 1], X is unknown matrix, and All matrices are defined over the complex field. The nonlinear matrix equation Eq. (1.1), when s = 1 and t = 0, arises in the analysis of a stationary Gaussian reciprocal processes over a finite interval [2] , which discussed in many papers [1, 2, 3, 7, 8, 9, 10, 11, 12] . The positive definite solutions of Eq.(1.1) have been studied in some special cases [1, 2, 3, 7, 8, 9, 10, 11, 12] . The properties, efficient iterative algorithms, and perturbation estimates of the positive definite solutions of Eq. (1.1) has been investigated in some special cases [1, 2, 3, 7, 9, 10, 11, 12] . Liu and Gao [12] study the equation X s − A T X −t A = I and presented the properties of the symmetric positive definite solutions of this equation.
In this paper, we investigate the properties of the positive definite solutions of Eq. (1.1). The paper is organized as follows: In Section 2, we show that Eq. (1.1) always has positive definite solutions. Also, we discuss some properties and the conditions of the existence the solutions. In Section 3, we introduce a iteration algorithm to obtain the solutions and its convergence. Finally, we give three numerical examples in Section 4 to illustrate our theoretical results.
The following notations are used throughout this paper. The notation A ≥ 0 (A > 0) means that A is positive semidefinite (positive definite), A ⋆ denotes the complex conjugate transpose of A, and I is the identity matrix. Moreover, A ≥ B (A > B) is used as a different notation for A − B ≥ 0 (A − B > 0). We denote by ρ(A) the spectral radius of A, by σ 1 (A) and σ m (A) the maximal and minimal singular values of A, respectively. The norm used in this paper is the spectral norm of the matrix A, i.e. ∥A∥ = √ ρ(AA ⋆ ) unless otherwise noted.
Some Properties of the Solutions
In this section, we will discuss some properties of Eq. (1.1) and obtain the conditions for the existence and properties of the solutions of Eq. (1.1).
Lemma 2.1. [4, 5] 
Proof. The left inequality is evident. To prove the right inequality, from the inequality X > I and lemma 2.1 we get
i.e. 
I < X < I
where W is a nonsingular matrix and
Proof. Let Eq. (1.1) has a positive definite solutionX, then X = W * W ,where W is a nonsingular matrix. Then, Eq. (1.1) can be rewritten as
and the Eq. (2.4) equivalently the equation
Eq. (2.5) means that the column
Conversely, if A , B have the factorization (2.3) and satisfying Eq. (2.5), Let X = W * W , then X a positive definite matrix , and we have
Hence X is a positive definite solution of Eq. (1.1).
The Algorithm and its Convergence
In this section, we consider the fixed point iteration algorithm. The following iterative process to calculate the positive definite solution of Eq.(1.1) Proof. We consider the sequence (3.6). For X 1 we have
2 I we have
From X 1 < αI and Lemma 2.1
Consequently X 0 < X 2 . Using the relation X 0 < X 1 and Lemma 2.1, we obtain X −s
1 , and hence
By the same way we can prove that X 3 < X 1 and X 2 < X 3 , consequently X 0 < X 2 < X 3 < X 1 . We receive by analogy that for each two integers k, r the following is true
We observe that the two subsequences {X 2k }, {X 2r+1 } have the same boundaries. To prove that these two subsequences converge to positive definite matrix, we have
. ., then by using Lemma 2.1 we have X
Since X s 2k−1 > X s 2k ∀k = 1, 2, 3, . . ., then P = X s 2k−1 − X s 2k is a positive definite solution of the matrix equation
According to Theorem (3) in [10] , then the solution of (3.8) is
Hance
After n times as above, we get
By using (3.9) and (3.10) in (3.7), we have
By using the conditions A * A, B * B < (α−1)
2 I, we have
( ∥X
This proves the theorem.
From the given proof of the above theorem, we can deduce the following corollary.
Corollary 3.1. From inequality (3.11), we have the following upper bound
max (∥X 2k+1 − X∥, ∥X − X 2k ∥) ≤ (α − 1) 2 n+1 ( ∥X 2 n s 2k−1 − X 2 n s 2k ∥ + ∥X 2 n t 2k−1 − X 2 n t 2k ∥ ) (3.12)
Numerical Experiments
We made numerical experiments for computing of a positive definite solution of the Eq. (1.1). The solution is computed for some different matrices A, B with different orders. Denote X the solution which is obtained by the iterative method (3.6) and
we use the iterative process:
See [6] . The numerical results are given in the following table. The numerical results are given in the following table. The numerical results are given in the following table. 
Conclusion
In this paper we consider a nonlinear matrix equation Eq. (1.1) where s, t ∈ (0, 1]. We considered a recursion algorithms for solving matrix equation from which a positive definite solution can be calculated. We derived the necessary and sufficient conditions for existence of the positive definite solutions for equation.
